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Intersecting subgroups in free groups

The reduced rank of a free group: 7(H) = max{0, r(H) — 1}

Theorem (Hanna Neumann, 1957)

Suppose G is a free group, Hy and H, are finitely generated
subgroups in G. Then Hy N Hy is also finitely generated (Howson)
and

F(Hy N Hy) < 2F(Hy) 7(Ha)
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Intersecting subgroups in free products

@ Factor-free subgroup of a free product: one that intersects
trivially with the conjugates to the factors of the free product.

e Factor-free subgroups are free (Kurosh subgroup theorem).

Theorem (W.Dicks and S.V.lvanov, 2008)

Suppose G = Gy x Gy, and Hy, H» are factor-free subgroups of G
with finite ranks. Then Hy N H> also has finite rank and

H(Hn ) <2 . ST(HF(H2),

q is the minimum of orders > 2 of subgroups of groups Gi, G
s =1lifqg=00.)

In addition, this is the best possible estimate when G contains an

involution and G % Zo * Z».
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Intersecting subgroups in amalgamated free products

Theorem (A.Z.)

Suppose G = Gy x1 Gp, T is normal finite amalgamated subgroup,
and Hy, Hy are factor-free subgroups of G with finite ranks. Then
the intersection Hy N H> also has finite rank, and

qf

gt -2

F(HiNHy) <2 | T|-7(H1)r(H2),

where q' is the minimum of orders > 2 of subgroups of groups
f .
G/T, G/T. (f =1ifq" =00).
In addition, this is the best possible estimate when G1/ T or Gy/ T
contains an involution and Gy1/T x Gy/ T 2 Zy * Zs.
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Proof of the estimate

e Consider a factorization ¢ : Gy %7 Go — G1/T x G/ T.

o Let
o(Hi) = Hf, @o(H)=HS, @(HiNH)=LC H{NH

Since H; and H, are factor-free,
Hy=Hf, Hy=H], HiNnH =L

@ Dicks-lvanov theorem:

g

7(H{ N HE) < 27 7(H{)7(Hf)

2

L is a subgroup in a free group H{ N H{, so, according to
Schreier formula,

7(L) = |Hf n HE : L| 7(Hf N HE)
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Proof of the estimate

@ We obtain
qf f f
7(H1 n H2) < zﬁ‘HI N H2 : L| T(HI)T(H2)

o Finally,
|H{ N H L <|TJ,

since all the right cosets of L in Hf N Hf have the form

o(HiNHat), teT: HiNHyt#2
This proves the estimate. [

Notice that the last inequality turns into equality when
T C HiH,.
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Graph of a subgroup in a free product

To prove that the estimate is the best possible we will use the
same graph-theoretic approach as S.V.lvanov.

Suppose H is a factor-free subgroup of G = [[* G,.
Graph W*(H) associated with subgroup H:

@ 2 types of vertices of W*(H):

© Primary vertices: right cosets of H in G;

@ Secondary vertices corresponding to the factor G:
eqivalence classes of right cosets of H in G,
Hgy ~ Hg if Ac € G, : Hgic = Hg»

o Edges of W*(H): each primary vertex Hg is connected by one
edge to the secondary vertex [Hg], for all a.
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Labeling the graph

@ Assume that all edges of W*(H) are oriented.

@ Assign a label to every edge e of W*(H) label (e):
if e1, & are edges beginning in primary vertices Hgy, Hg» and
ending in the same secondary vertex [Hgi]a = [Hg2]a, then

(1) (,0(6,') € Gy,
@ (e ') = ¢(e)~! and
@ Hgip(er)p(e2)™ = Hgo

(picture!)
o Base vertex: primary vertex H.

@ W(H): minimal connected subgraph of W*(H), containing all
reduced cycles and the base vertex.
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Facts about the graph

@ Let w be a nonempty reduced word in the alphabet | G,.

w € H if and only if there exists a reduced closed path in W(H)
ending in the base vertex labeled with w.

e T — maximal subtree in W(H), C — set of edges of W(H),
not belonging to T. For every e € C find path g. in T from
the base vertex to the beginning of e and path r. in T from
the end of e to the base vertex.

Then H is freely generated by

©(geere), e € C.

@ H has finite rank if and only if W(H) is finite.
o 7(H) = —x(V(H))
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Cases to be considered

<p:G:G1*7G2—>G1/T*G2/T:G{*G{:Gf,

g’ is the minimum of orders > 2 of subgroups of Gf, Gf
Suppose G’ contains an involution and G 3£ Z, % Z,.

g’ is prime > 2, or g =4, or g = 00, and G’ has one of the
following subgroups:

Q ZoxZp, if qf =p, pisprime, p>2

@ (3) ZoxZs or (b) Zox(ZoxZp), if qf =4

Q ZoxZpxZo, if gf =0

It is enough to prove that our estimate is the best possible in the
case when GT is one of the groups above.
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When there is equality in our estimate

We need to construct examples of subgroups such that

f
(HlﬂHg)_2

S| T1-7(H1)7(Hz)
It holds when (remind Hf = @(H1), H} = ¢(H>))

° o
(HlﬂHz)_Q (Hl) (Hf)

(equality in Dicks-lvanov estlmate)
Q@ T C HiH

Below we give some conditions when 1 holds.
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When there is equality in Dicks-lvanov estimate

Lemma (Dicks, Ivanov)
Suppose Hf and HJ are factor-free subgroups of finite index in GT,
and G is one of the groups mentioned above (1, 2a, 2b, 3). Then
Dicks-lvanov estimate turns into equality if and only if

|GF - Hf N HE| = |G : HE|-|GT : HE|

In particular, if Hf < G and Hf Hf = G*, then Dicks-lvanov
estimate turns into equality.
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|dea of the proof

To prove that the estimate is the best possible we do the following:

o for every n = | T| for each of the groups G’ mentioned above
(1, 2a, 2b, 3) construct factor-free subgroups Hf and Hj with
finite index in G, such that Hf < G and HfH} = G*;

@ choose the inverse images of the free generators of constructed
subgroups under the homomorphism ¢ so that T C H; Hs.
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Case 1. GF =7, x Ly,

Suppose Gf = (a,b| aP = b> = 1), where p is prime, p > 2.
6f = (((ab)®) < 6,
R=G"/G} = (a,b| aP = b?> = (ab)® = 1) = T(p, 2,6).
@ R is a triangle group
@ R is infinite, since
1 1

1
E+§+6S1 when p > 3.

@ R is residually finite. Therefore, for each finite subset M of
group R there exists a homomorphism from R on a finite
group, injective on the set M.

Consider the case p = 3, the same method can be used for other p.
Consider the following part of W(G{):
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Case 1. Part of W(G/) or W(H])

aé;a a(J;)a a(J.)a

NN PN

o) e} o) 0, o) 0,

A N

v N W

wi = (ab)®, wf = ((ab)6)ba*1ba*2’ wf = ((ab)6)(baflba*2)n71
— free generators
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Case 1. Constructing Hf

Take as M the set of the right cosets, corresponding to the primary
vertices of this graph.
dr:R— S =R/Ro:

@ 7 is injective on the set M
@ S is a finite group.
Then take Hf : S = G /Hf
° Hlf < G,
° Gof (- H{.
° Hl'r has finite index in G', since S is finite.
° Hlf is factor-free
o W(HI) has the same part as W(G{), see picture above.

@ Choose Wlf, ..., w! as part of free generators of H{
corresponding to this part of W(HI).
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Case 1. Constructing H}

K C G', (freely) generated by the following elements:

wi, .. wh,  (ba)®, (ba)?(ba=1)°(ba)?.

n»

The graph W(K) — see picture!
e K is a factor-free subgroup of Gf
o K has infinite index in G.

@ Construct a subgroup H{ C G':
K C HS, H} is factor-free in GT and HJ has finite index in G*

@ Notice that Wlf, ..., w! belong to free generators of both
subgroups HJ, Hj.
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Case 1. V(K), also part of W(H))

jai.\o / a~t
o

Ol
.-
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Case 1. Proving that H H} = G*

(ba)® € Hf, (ba)® € HS = ba e HIHS;
(ba)?(ba1)®(ba)? € H5 = (ba™1)° € HIHS;
(ba~ 1) = ((ab)®) ™! € Hf = ba~! € Hf H};
= a’ € H{H}, but a? = 1, p is odd
= a,b € HfH} = H{H} = G.
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Case 1. Choosing the inverse images

Now choose the inverse images of free generators of subgroups Hlf
and H{ under homomorphism ¢ as following.

o Let T ={t1,..., tn}.

@ Choose arbitrary inverse images wi, ..., w, € G of Wlf, Wt
considered as the generators of Hf.

@ Choose inverse images wity, ..., wyt, of the same elements

wlf, ...,w! considered as the generators of H2f.

@ Choose arbitrary inverse images of all other free generators of
Hf and HJ.

e Call H; and Hy the obtained inverse images of groups H{ and
Hzf respectively.

@ T C HiH, holds.

So in this case our estimate is the best possible.

Alexander Zakharov Intersecting free subgroups in free amalgamated products of gro



Case 2a. Gf =7, 7,4

Suppose Gf = (a,b|a* = b?> =1).

o Hf is constructed in the same way as in the previous case.

o K C G', (freely) generated by the following elements:
wi,.owy, (ba)°,  (ba)*(ba®)°(ba)?,  (ba®)?
The graph W(K) — see picture!
@ As in the previous case, K is factor-free in G', but K has an
infinite index in G'.
@ Again construct H{ C G
K C HS, HJ is factor-free in G and HJ has finite index in G*
o Again show that Hf H = G'.
@ Choose the inverse images as in the previous case.

So in this case our estimate is the best possible.
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Case 2a. W(K), also part of W(HJ)

2 a
——0—0—
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Case 2b. G' = Zy x (Zy x Zy). Constructing Hf

Suppose G = (a,b,c|a®> = b?> = c® = bchc = 1)

Take Hf = ((acac, (ab)"*1')), then

Gf/Hlf 2 Dpt1 X Zo, where D, is dihedral group of order 2n.
The graph W(H!):

"N N e e
NI N N N

o Hf is factor-free

o Hf has finite index in G*

bab f
bW

)(ba)" "o __

o wi = (acac)?, wf = (acac) = (acac

belong to free generators of H{.
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Case 2b. Constructing Hj

Hf C G7, (freely) generated by the following elements:

wl, .. wf,  (ab)?, acababa, abcac, (ac)b?)"®

The graph W(H}):

a a x a a
0—0—0 0—0—@ —O0—@ —0—0 ] [}

O/ \g/ \g/ c IO) Cc cocC C lO)/C --:n C (ID)/C.\OB
NG S AN VL S/

~ <
o HJ is factor-free

o HJj has finite index in G*
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Case 2b: last steps

o Show that Hf Hf = G*. Indeed,
acac € Hf, (ab)™ ¢ Hf = ab € HHS.

abcac, ab € H{H} = cac, acac € HfH} = a, b € HIH}.
acababa,a, b € H{HS = c € H{HS,
so HfH = GT.

o Choose the inverse images of free generators of subgroups Hf
and HJ in the same way, as in the first case (with new

wi, ..,wf).

So in this case our estimate is the best possible.
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Case 3. Gf =7, %7, % 75

Suppose G = (a,b,c|a®> = b?> = ?> =1).
This case can be reduced to the previous one.

Let G, H{*, Hg* denote groups G, Hf, H{ from the previous case
respectively.
(GI = Zz * (Zg X Zg))

Consider a factorization

¥ Gf — Gf = G /((bebc)).
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Case 3, the last one

Let Hf, HS denote full inverse images of Hi , Hi, under
homomorphism .

o Hf <1 GF;

o Hf, HS are factor-free;

° Hlf, H2’r have finite index in G':
o HfHf = G

Choose the inverse images of free generators of subgroups H{ and
HY in the same way, as in the previous cases.

So our estimate is the best possible. [
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