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Uniform Words, Primitive words

I Let w ∈ Fk ,

G some finite group
I Consider the map w : G × G × · · · × G︸ ︷︷ ︸

k

−→ G

E.g. w = a2b3a−1 =⇒ w(g , h) = g 2h3g−1

I If G × G × · · · × G uniform
?

=⇒ w(G × . . .× G ) uniform in G ?
I Equivalently, if αG ∈ Hom(Fk ,G ) uniform

?
=⇒ αG (w) uniform?

Definition
A word w is called uniform if for every finite group
G , αG (w) has uniform distribution.
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Uniform Words, Primitive words

I A word w ∈ Fk is called primitive if it belongs
to some basis (a free generating set).

I αG ∈ Hom(Fk ,G ) is uniquely determined by
arbitrary images of a basis. Thus,

Observation
w is primitive =⇒ w is uniform

Doron Puder Uniform Words are Primitive



Uniform Words, Primitive words

I A word w ∈ Fk is called primitive if it belongs
to some basis (a free generating set).

I αG ∈ Hom(Fk ,G ) is uniquely determined by
arbitrary images of a basis. Thus,

Observation
w is primitive =⇒ w is uniform

Doron Puder Uniform Words are Primitive



Uniform Words, Primitive words

I A word w ∈ Fk is called primitive if it belongs
to some basis (a free generating set).

I αG ∈ Hom(Fk ,G ) is uniquely determined by
arbitrary images of a basis. Thus,

Observation
w is primitive =⇒ w is uniform

Doron Puder Uniform Words are Primitive



Uniform Words, Primitive words

Observation
w is primitive =⇒ w is uniform

Conjecture ((1) Shalev, Larsen, Lubotzky, ...)
w is primitive ⇐= w is uniform

⇓
Conjecture (2)
The set of primitive elements in Fk is closed in the
profinite topology.

I ∃ many similar open problems w.r.t. other
types of groups
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The Main Results

Theorem (2010)
Conjectures 1 and 2 hold for F2.

I Key ingredient: A new ”graphical” algorithm
to detect primitivity \ free factors

Theorem (P-Parzanchevski, 2011)
Conjectures 1 and 2 hold for Fk ∀k
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The Main Results

w is primitive

Obs
��

αG (w) is uniform ∀ finite G

αSn
(w) is uniform ∀n

Prob
[
αSn

(w)(1) = 1
]

= 1
n ∀n
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Fixed points in Sn

In 94’, Nica

I introduced a simple technique to calculate
Prob

[
αSn

(w)(1) = 1
]

I showed it is a rational expression in n

E.g. w = a2b2c2:

Prob
[
αSn

(w)(1) = 1
]

=
n2 − 2n + 2

n(n − 1)2
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Fixed points in Sn

We write Laurent series: w = a2b2c2

Prob
[
αSn

(w)(1) = 1
]

=
n2 − 2n + 2

n(n − 1)2

=

=
1

n
+

1

n3
+ O

( 1

n4

)
↑

probability for

uniform permutation

↑
order of magnitude

of deviation

3: the smallest rank of a subgroup of Fk in which w
is not primitive
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Primitivity Rank: A new classification of
words

Definition
The primitivity rank of w is:

π(w) = min

{
rk(J)

∣∣∣ w ∈ J ≤ Fk s.t.

w is not primitive in J

}
If no such J exists, π(w) =∞.

I w primitive in Fk =⇒ w primitive in J
∀w ∈ J ≤ Fk =⇒ π(w) =∞

I w not primitive in Fk =⇒ π(w) ≤ k
I Thus, π(w) ∈ {0, 1, 2, . . . , k} ∪ {∞}
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π(w) = min

{
rk(J)

∣∣∣ w ∈ J ≤ Fk s.t.

w is not primitive in J

}

π(w) ∈ {0, 1, 2, . . . , k} ∪ {∞}

π(w) = 0 ⇐⇒ w = 1

π(w) = 1 ⇐⇒ w is a power

E.g. π([a, b]) = π(a2b2) = 2

π(w1w2) = π(w1) + π(w2) for words with disjoint letters

E.g. π(x2
1 x2

2 . . . x
2
d ) = d

...

π(w) =∞ ⇐⇒ w is primitive
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Fixed points in Sn

The key result:

Proposition
Prob

[
αSn

(w)(1) = 1
]

= 1
n + aw

nπ(w) + O
(

1
nπ(w)+1

)

aw - the number of “witness” subgroups:

aw =

∣∣∣∣{J ≤ Fk

∣∣∣∣ w ∈ J is not primitive in J

and rk(J) = π(w)

}∣∣∣∣
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Primitivity Rank: A new classification of
words

π(w) Description Prob
[
αSn(w)(1)=1

]
E
[

# fixed points
of αSn(w)

]

0 w = 1 1 n

1 w is a power ∼ 1
n + aw

n
∼ 1 + aw

2 ∼ 1
n + aw

n2 ∼ 1 + aw

n
...

k ∼ 1
n + aw

nk ∼ 1 + aw

nk−1

∞ w is primitive 1
n

1
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Back to fixed points in Sn

E.g. w = [a, b] Prob [αSn
(w)(1) = 1] = ?

I Consider the path of 1 through αSn
(w):

⊗
1

•
i

•
j

•
k

⊗
1

a // b // aoo boo i , j , k ∈ [n]

I Case 1: 1, i , j , k all distinct:

⊗1 •i

•j•
k

a //

b

��

a
//

b

��
P1 = (n−1)(n−2)(n−3)

n(n−1)·n(n−1) ∈ Θ
(

1
n

)
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Fixed points in Sn

w = [a, b] Prob
[
αSn

(w)(1) = 1
]

=?

⊗
1

•
i

•
j

•
k

⊗
1

a // b // aoo boo i , j , k ∈ [n]

Case 2: i = j =⇒ 1 = k :

⊗
1,k

•
i ,j

b 66 a
// bff P2 = (n−1)

n·n(n−1) ∈ Θ
(

1
n2

)
Case 3: 1 = i = j = k :

⊗a 66 bhh P3 = 1
n·n ∈ Θ

(
1
n2

)
Etc.
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Fixed points in Sn

There are 7 cases in total:

⊗ •

••

a //

b��

a
//

b ��

⊗ •b 66
a // bff

⊗

•

a

��

b��

a

YY

⊗ • •
a

��
b

��

a

AA

b

AA ⊗ ••
a

��

b

__

a
��

b

]] ⊗a 66 bhh

⊗ •

a

��
b

��

a
__

b

JJ

Prob
[
αSn

(w)(1) = 1
]

= 1
n−1 = 1

n + 1
n2 + O

(
1
n3

)
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Open Problems

I w is primitive
?⇐⇒ w is uniform w.r.t. compact

Lie groups / U(2) / other finite groups . . .

I Can we tell apart w1,w2 from different
Aut(Fk)-orbits?

I Understand completely the rational expression
Prob

[
αSn

(w)(1) = 1
]
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Thank You!
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