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Why bother?

Fills the conceptual ‘hole’ in the picture above.

Much of the basic theory of isometric actions can be extended
to affine actions fairly easily.

More examples of groups — broader class of groups that can
be analysed in this way.

Brings together under one heading:

Lyndon length functions,
affine actions,
certain ‘bad’ examples of groups actions.
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Let Λ be an ordered abelian group; that is, an abelian group
written additively, together with a compatible linear order.
(E.g. R, Z× Z (lexicographic order), Zm, Rm, ∗Z.)

Natural notion of Λ-metric space.

Let X be a (Λ-)metric space, and v ∈ X . Define
(x · y) = 1

2 (d(x , v) + d(y , v)− d(x , y)).

X is a Λ-tree if

it is geodesic;

(x · y) ∈ Λ for all x , y ∈ X ;

(x · y) > (x · z)⇒ (x · z) = (y · z). (i.e. 0-hyperbolic)

An isometric action on a Λ-tree, and a choice of basepoint v , gives
rise to a Lyndon length function L via L : g 7→ d(v , gv).
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A Lyndon length function L satisfies the following where we define
c(g , h) = 1

2

(
L(g) + L(h)− L(g−1h)

)
1 c(g , h) ∈ Λ;

2 L(1) = 0;

3 L(g) = L(g−1);

4 c(g , h) > c(g , k)⇒ c(g , k) = c(h, k).

Conversely, if L : G → Λ satisfies 1-4, there is a Λ-tree X , an
isometric action of G on X , and a basepoint v such that
L(g) = d(v , gv) for all g ∈ G .

An action is free if g [x , y ] = [x , y ] implies g = 1.
Call a group ITF(Λ) if it admits a free action on some Λ-tree. Call
a group ITF if it is ITF(Λ) for some Λ.
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Affine actions on R-trees
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Affine actions on R-trees

An automorphism φ of an R-tree is affine if there is a constant α
such that d(φx , φy) = αd(x , y) for all x , y .

Theorem (I. Liousse, 2001)

There are groups that admit free affine actions on R-trees that
don’t admit free isometric actions on any R-tree. These include

〈x1, x2, . . . , xn, y1, y2, . . . , yn | [x1, y1] = [x2, y2] = · · · = [xn, yn]〉,

and 〈x1, x2, . . . , xn, y1, y2, . . . , ym | w = vk〉

where w is a surface relator (that is, either
w = [x1, x2] · · · [x2r−1, x2r ] where n = 2r , or w = x2

1 · · · x2
n ) and v

is a non-trivial word in the y±i .
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How to generalise the notion of affine actions to the case of a
general ordered abelian group Λ?

Observation: Multiplication by a positive scalar is just an order
preserving automorphism of R — and conversely. So. . .

Let (X , d) be a Λ-metric space. A function φ : X → X is an affine
automorphism if there is an order-preserving automorphism α = αφ

of Λ such that d(φx , φy) = α (d(x , y)).
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Aut+(Λ) denotes the group of all order-preserving automorphisms
of Λ.

If Λ has finite rank (i.e. if Λ embeds in Rm for some m) then
Aut+(Λ) is soluble.

If Λ = Zm then Aut+(Λ) ∼= UT(m,Z), which is nilpotent.

In general, Aut+(Λ) is right-orderable — and conversely.
(Smirnov, Göbel-Shelah)

We say that a group is ATF(Λ) (or just ATF) if it admits a free
affine action on a Λ-tree.
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Hol+(Λ) = Λ o Aut+(Λ) acts naturally on Λ: this action is
affine (though not free).

(Does Hol+(Λ) admit a free affine
action?)

Let F be free group on {an : n ∈ Z}. Take the Cayley graph
of F , assign a length of 2n to each edge labelled an. This
gives rise to an R-tree X .

F acts isometrically on X by left multiplication. Define a
‘shifting’ map τ : F → F by mapping

aε1
i1

aε2
i2
· · · aεm

im
7→ aε1

i1+1aε1
i2+1 · · · a

ε1
im+1.

Then d(τx , τy) = 2d(x , y) for x , y ∈ F , whence G = 〈F , τ〉
has an affine action on X : the map α : G → Aut+(R) is given
by γ 7→ 2e where e is the exponent sum of τ in γ.

Shane O Rourke Affine actions on non-archimedean trees



Introduction
Affine actions

Examples
Properties of ATF groups

Constructions
Open questions

Hol+(Λ) = Λ o Aut+(Λ) acts naturally on Λ: this action is
affine (though not free). (Does Hol+(Λ) admit a free affine
action?)

Let F be free group on {an : n ∈ Z}. Take the Cayley graph
of F , assign a length of 2n to each edge labelled an. This
gives rise to an R-tree X .

F acts isometrically on X by left multiplication. Define a
‘shifting’ map τ : F → F by mapping

aε1
i1

aε2
i2
· · · aεm

im
7→ aε1

i1+1aε1
i2+1 · · · a

ε1
im+1.

Then d(τx , τy) = 2d(x , y) for x , y ∈ F , whence G = 〈F , τ〉
has an affine action on X : the map α : G → Aut+(R) is given
by γ 7→ 2e where e is the exponent sum of τ in γ.

Shane O Rourke Affine actions on non-archimedean trees



Introduction
Affine actions

Examples
Properties of ATF groups

Constructions
Open questions

Hol+(Λ) = Λ o Aut+(Λ) acts naturally on Λ: this action is
affine (though not free). (Does Hol+(Λ) admit a free affine
action?)

Let F be free group on {an : n ∈ Z}. Take the Cayley graph
of F , assign a length of 2n to each edge labelled an. This
gives rise to an R-tree X .

F acts isometrically on X by left multiplication. Define a
‘shifting’ map τ : F → F by mapping

aε1
i1

aε2
i2
· · · aεm

im
7→ aε1

i1+1aε1
i2+1 · · · a

ε1
im+1.

Then d(τx , τy) = 2d(x , y) for x , y ∈ F , whence G = 〈F , τ〉
has an affine action on X : the map α : G → Aut+(R) is given
by γ 7→ 2e where e is the exponent sum of τ in γ.

Shane O Rourke Affine actions on non-archimedean trees



Introduction
Affine actions

Examples
Properties of ATF groups

Constructions
Open questions

Hol+(Λ) = Λ o Aut+(Λ) acts naturally on Λ: this action is
affine (though not free). (Does Hol+(Λ) admit a free affine
action?)

Let F be free group on {an : n ∈ Z}. Take the Cayley graph
of F , assign a length of 2n to each edge labelled an. This
gives rise to an R-tree X .

F acts isometrically on X by left multiplication. Define a
‘shifting’ map τ : F → F by mapping

aε1
i1

aε2
i2
· · · aεm

im
7→ aε1

i1+1aε1
i2+1 · · · a

ε1
im+1.

Then d(τx , τy) = 2d(x , y) for x , y ∈ F , whence G = 〈F , τ〉
has an affine action on X : the map α : G → Aut+(R) is given
by γ 7→ 2e where e is the exponent sum of τ in γ.

Shane O Rourke Affine actions on non-archimedean trees



Introduction
Affine actions

Examples
Properties of ATF groups

Constructions
Open questions

G ∼= 〈 τ, an (n ∈ Z) | τanτ
−1 = an+1 (n ∈ Z) 〉

∼= 〈 a0, τ | 〉,

the free group of rank 2.

Let Λ denote the subset of Z×
∏

n∈Z Z consisting of those
elements (n−∞, . . . , nm−1, nm, nm+1, . . .) with well-ordered
support. We give this the lexicographic order: this makes Λ an
ordered abelian group.
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Define σ, τ : X → X as follows.
σ : (nm) 7→ (n′m) where

n′m =

{
nm+1 for all m ∈ Z
n−∞ + 1 m = −∞.

τ : (nm) 7→ (n
′′
m) where

n
′′
m =

{
nm if m ≤ −1
nm + 1 if m ≥ 0

Then 〈σ, τ〉 is isomorphic to the wreath product of two infinite
cyclic groups.
More generally, if Λ1,Λ2, . . . ,Λr are ordered abelian groups then
Λ1 o Λ2 o · · · o Λr admits a free affine action on a Λ-tree.
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Let X = Λ = Z× Z× Z,

σ : (n1, n2, n3) 7→ (n1 + 1, n2, n3 + n2), and

τ : (n1, n2, n3) 7→ (n1, n2 + 1, n3).

Then

[σk , τ l ](n1, n2, n3) = (n1, n2, n3 − kl) = [σ, τ ]kl(n1, n2, n3) and
σ and τ both commute with [σk , τ l ].

The group 〈σ, τ〉 therefore has the presentation
〈 σ, τ | [σk , τ l ] = [σ, τ ]kl (k , l ∈ Z) 〉.
In fact, this group is isomorphic to
〈 ρ, σ, τ | [σ, τ ] = ρ, [σ, ρ] = [τ, ρ] = 1 〉 ∼= UT(3,Z), the
discrete Heisenberg group.
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Fix a positive real number a. Let X = Λ = Z× R, and
σ : (n1, n2) 7→ (n1 + 1, an2), τ : (n1, n2) 7→ (n1, n2 + 1), and
let G = Ga = 〈σ, τ〉. Write τk = σ−kτσk . Then

τkτk ′ = τk ′τk ∀k , k ′

Let C be the set consisting of relations of this form. It can be
shown that

if a is transcendental, then Ga
∼= 〈σ, τ | C 〉, a wreath product

of two infinite cyclic groups.
If a is algebraic, then Ga satisfies an extra relation w = 1
arising from the minimum polynomial of a. (e.g. if

a =
1 +
√

5

2
then the minimum polynomial is x2 − x − 1, and

the extra relation is τ0τ
−1
1 τ−1

2 = 1).
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If a ∈ Z then the relations C are automatic, and

Ga
∼= 〈σ, τ | στσ−1 = τ a〉 ∼= BS(1, a),

a soluble Baumslag-Solitar group.
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More generally, a free affine action on R× R is obtained if
σa, τ : R× R→ R× R are defined via
σa : (n1, n2) 7→ (n1 + log a, an2) and
τb : (n1, n2) 7→ (n1, n2 + b). Then

〈σa (a > 0), τ1〉 ∼= 〈σa (a > 0), τb (b ∈ R)〉

which is isomorphic to the group of matrices of the form ea 0 b
0 1 a
0 0 1

 a, b ∈ R.
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Let α : G → Aut+(Λ) be a homomorphism.

A

n α-

Lyndon length function is a function L : G → Λ satisfying the
following where we define
c

α

(g , h) = 1
2 ( L(g) + L(h)−

αg

L(g−1h) ) .

1 c(g , h) ∈ Λ;

2 L(1) = 0;

3 L(g) =

αg

L(g−1);

4 c(g , h) > c(g , k)⇒ c(g , k) = c(h, k).

Conversely, if L : G → Λ satisfies 1-4, there is a Λ-tree X , an

α-affine

action of G on X , and a basepoint v such that
L(g) = d(v , gv) for all g ∈ G .
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Line stabilisers

Recall that if G has a free isometric action on a Λ-tree then end
stabilisers are line stabilisers: that is, if gε = ε = hε then there is a
unique ε′ 6= ε such that gε′ = ε′ = hε′ also.

Moreover line
stabilisers are maximal abelian in G — they embed in Λ.
Consequently such groups G are CSA and commutative-transitive.

Suppose that G has a free affine action on a Λ-tree where Aut+(Λ)
is soluble. Then

{end stabilisers} = {line stabilisers} = {maximal soluble subgroups of G}
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Moreover, G is CSS and soluble-transitive. (‘CSS’ means
non-trivial elements are contained in a unique maximal soluble
subgroup of G , and maximal soluble subgroups are malnormal)

If Aut+(Λ) is (torsion-free) nilpotent, we can replace ‘soluble’
above by ‘nilpotent’.
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Subgroups of ATF groups are obviously ATF.

Ultraproducts:
Given

groups Gi

ordered abelian groups Λi

Λi -trees Xi

homomorphisms αi : Gi → Aut+(Λi )
αi -affine actions of Gi on Xi

basepoints xi ∈ Xi

and associated based length functions Li : Gi → Λi

. . . one can take the ultraproduct (with respect to an
ultrafilter D on the indexing set I ) of each item above. This
gives an α-affine action of G on X with based length function
L, where G =

∏
i∈I Gi/D, Λ =

∏
i∈I Λi/D, etc.
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Ultraproduct actions can be used to show that
locally ATF implies ATF

,
and

fully residually ATF implies ATF.

If groups Gi have affine actions on Λ-trees, the free product G
has a natural action extending the actions of Gi . Moreover, if
the given actions are

1 free;
2 rigid;
3 regular;

so is the action of G .
Moreover, ATF is closed under free products.

Bass’s main results on isometric actions on Z× Λ0-trees can
be generalised to the affine case. As a special case. . .
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Theorem (cf Bass 4.7)

Let (G,Y ∗) be a graph of groups where each vertex group G(x∗)
has a free isometric action on a Λ0-tree, and each edge group is
cyclic and maximal abelian in its respective end vertex groups. Let
an end εe of X (∂0e) of full Λ0-type be given for each edge
e ∈ E (Y ∗).
Assume that

1 edge groups coincide with end stabilisers in the vertex groups:

ιeG(e) = (G(∂0e))εe
for e ∈ E (Y ∗).

2 if ∂0e = ∂1e = x∗ and e 6= f then εe and εf lie in distinct
G(x∗) orbits.

Then π1(G,Y ∗) has a free affine action on a Z× Λ0-tree extending
the given actions.
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However recall that an HNN extension of an ITF(Λ0) group is not
necessarily ITF unless the translation lengths of the images of the
generator of the edge group can be made to agree.

In particular, `[x , y ] < `[x2, y 2] for any free isometric action
(unless x and y commute). Therefore the HNN extension

〈x , y , t | t−1[x , y ]t = [x2, y 2]〉

does not admit a free isometric action on any Λ-tree.
However, this group does admit a free affine action on a
Z× Z-tree.
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More generally, if m, n, r and s are non-zero integers, the groups

Γ(m, n; r , s) = 〈x , y , t | t−1[xm, yn]t = [x r , y s ]〉

are ATF(Z× Z).
(They are ITF if and only if |m| − |r | and |s| − |n| have the same
sign.)
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Some open questions

1 An action is rigid (or non-nesting) if no segment is mapped
properly into itself by any group element. Most actions
described here are rigid. Do all ATF groups admit a rigid free
affine action?

2 Recall that the Heisenberg group UT(3,Z) admits a free
affine action on a Z3-tree. Is it true that ∀m ∃n such that
UT(m,Z) is ATF(Zn)?
This would mean that all finitely generated torsion-free
nilpotent groups are ATF(Zn) for some n.
This in turn would mean that all residually torsion-free
nilpotent groups are ATF.
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3 Connection with Λ-words? (Cf recent work of Chiswell-Müller
and Kharlampovich, Myasnikov, Nikolaev, Remeslennikov,
Serbin)
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Thank you!
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