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Fn : free group of rank N

Look at actions of Fy on T by isometries
» minimal (no invariant proper subtree)
» free (more generally : very small)
» dense orbits

Why ?

» These trees are useful to compactify Culler-Vogtmann
outer space CVy

» Out(Fp) acts on CVy and its boundary 0CVy
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Problem :

These trees are not easily tractable objects

Idea :(Rips)

Encode such an Fy ~ T by a system of partial isometries
Notion of geometric tree
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In the context of an R-tree T, 2 ways to generalize the
Poincaré-Lefschetz index :

» using the valence of the branched points [Gaboriau-Levitt]

indgeo(T) = Z #(T‘-O(T ~ {P}) - 2)
[PleT/Fn
indgeo(T) < 2N — 2, with equality iff T is geometric

» using the number of ends of the “dual lamination”
How ?
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The map Q [Levitt-Lustig]

Qp: Fn

- T
u — u-

P (PeT)

Would like to “extend” Qp to OFy
T=TuoT
Weaken the topology on T
Tobs — T with the observers’ topology

v

v

v

Op: Fy — T° has a unigue continuous

v

Q: 0Fy — To
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The dual lamination L(T) and the Q-index of T

L(T) ={(X,Y) € &*Fn | Q(X)=Q(Y)}

indo(T)= > max(0,#Q "(P) - 2)

[PleT/Fn
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The limit set and compact heart

The limit set of T is

Q=Q*L(T)CT

Chose a basis A of Fy

unit cylinder : Ca(1)

relative limit set : Q4 = Q?(L(T) N Cx(1)) € T compact set
compact heart : Ky = Conv(Q4) C T compact tree

system of partial isometries on the compact heart :
S = (Ka, A)

v

v

v

v
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Theorem (Coulbois-H-Lustig)
T is the minimal subtree (for the action of Fy) of Ts.

S = (Ka, A) “encodes” T
We a have now a toolbox to study T



Theorem (Coulbois-H)
Let T € OCVy a tree with dense orbits. Then :

indQ(T) < 2N - 2.

The equality occurs if and only if the limit set Q2 contains T.
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® € Out(Fy) an iwip automorphism
(¥ k, no free factor of Fy is fixed by ®K)

[Levitt-Lustig] ¢ has exactely 2 fixed points in 9CV :
» T4 attractive
> T4-1 repulsive

[Gaboriau-Jaeger-Levitt-Lustig] defined an index ind(®) for ¢

An easy computation gives :
2 ind(®) = indgeo( To) = indg To,-1
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