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Introduction

Introduction

Paul Schupp in his lectures gave a review on a generic approach to computations in
groups.

Namely, let | be a set of inputs with size function o.

Define S,, the sphere of radius n, by S, = {w | w € [,0(w) < n}.

[RN Sy
ISl

Then, R C I is said to have asymptotic density a, written p(R) = «, if

Let f»(R) = , where |X| denotes the size of a set X.

nlmw fa(R) = a.
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Introduction

If the limit lim f,(R) exists and equal to 1, then R is called generic;
n—oo

and if R has asymptotic density O it is negligible.

We say that R is exponentially generic if |p(R) — fo(R)| < 8", for some constant
0 < § < 1 and all sufficiently large n.

Meanwhile, if f,(R) < &" for large enough n then R is exponentially negligible.
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Introduction

Let P be a problem. A partial algorithm, A, for P generically solves P if the halting
set Hy of A is a generic subset of the set of inputs /. In this case we say that P is
generically solvable.
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Introduction

Generic approach to an algorithm usually allows us to stratify the set of inputs onto
three strata: generic subset, negligible subset and subset of intermediate density.

However, this approach is not sensitive enough. For instance, all finite sets and some
infinite sets can have the same density.

The paper " Multiplicative measures on free groups” (Borovik, Miasnikov,
Remeslennikov) introduced another approach to measuring in groups. Namely, a
so-called A— measure of subsets R C F = F(X) was defined, where F(X) is a finitely
generated free group and

AR) = S_ fo(R), where fo(R) = %.
n=0 n

We say that R is A\-measurable, if A(R) is finite.

A set R is termed exponentially \-measurable if f,(R) < q" for all sufficiently large n.

The generating function for R is a formal series in R[[t]]:
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The main goal of this series of talks is to show some methods of calculation of
different types of measures in combinatorial group theory, especially in free
constructions of groups.

In particular, | will lay out several methods of calculation of A—measure and generating
function of groups based on the automata theory and the Perron-Frobenius theory.
We use a generic approach to algorithms as well.
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From our (further “OUR = F, Miasnikov, Remeslennikov") point of view, an
algorithmic problem in G has a satisfactory solution if it has:

(i) satisfactory normal forms for elements of G;
(if) convenient generators of random elements of G in normal forms;
(iii) atomic and probability measures on F for measuring elements and subsets of F;

(iv) results on stratification of inputs of algorithms (i.e. normal forms) at least on two
strata: stratum of regular (or stable) elements on which algorithms works fast
(i-e. in polynomial time) and another one of singular and unstable elements, on
which the result of the algorithms work is unknown or it works slowly;

(v) asymptotic and probabilistic tools of estimation of these strata.
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Let A, B, C be groups and ¢ : C — A, ¥ : C — B be monomorphisms.
Then, one can define a group G = A AE B called the amalgamated product of A and B

over C (the monomorphisms ¢, are usually suppressed from notation).
Suppose A and B are given by the presentations A=< X|Rag =1 >,
B =< Y |Rg =1 > and a generating set Z for the group C. We denote
p(2) = uz(x), ¥(z) = vz(y) and then the group G has a presentation

G=<XUY|Ra=1,Rg =1,u(x) =vz(y),(z € Z) > .
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Let A, B, C be free groups of finite ranks.

Denote by S and T fixed systems of right coset representatives of C in A and B and
let the representative of C is the identity element 1.

For g € (AUB)\ C, we define F(g) = Aifge Aand F(g) =B if g € B.
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Representation of elements in G

» 1) in the freely-reduced form (in the alphabet XX 1UY U Y1)
> 2) in the reduced form;

> 3) in the canonical normal form provided by systems of representatives S and T
for a subgroup C in A and B correspondingly;

> 4) every element in the reduced form is a conjugate of an element in the
cyclically reduced form.
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Freely-reduced normal forms

Every element g € G can be written in a freely-reduced normal form

g = 8182 ---8n;

where g1, ..., gn are reduced words in X UX ™! orin YU Y~! and if F(g;) = A, then

F(gi+1) = B and vice versa.
This form is not unique (even the number n of multipliers can vary ad libitum).
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Reduced normal forms

An element g € G is written in a reduced normal form if

8 = 8182 -8k,

where g; € (AUB)\ C and F(gi) # F(gi+1), i=1,...,k, if k > 1 and

g=c¢, ceCif k=0.

This form may not be unique, but the number k is uniquely determined by g.
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Canonical normal forms

An element g € G is written in a canonical normal form provided by systems of
representatives S and T for a subgroup C in A and B , if

g=cp1.--px

where c € C, p; € (SUT) \ {1}, and F(pi) # F(pi+1), i=1,...,1, 1 >0.

This form is unique up to representation of elements in A, B, C.
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Cyclically reduced normal forms

A reduced form of an element g € G in a form

g =¢C81.--8k

is called cyclically reduced normal form, if:

(i) k=0,ie. g=ce(,
(if) k=1, then every element g € A|J B, that is not a conjugate of an element in C;

(iii) k > 1, then every g, such as k is even.
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Random Generator of normal forms

Random Generator of a canonical normal forms

The procedure RG.,r depends on:
a given probability distribution 6 : N[J{0} — RT,
two (fixed) probability distributions s and pg on A~ C and B\ C,

two probability distributions ua ¢, ,c, where C is viewed as a subgroup of A or B
correspondingly.
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Random Generator of normal forms

Random Generator of a canonical normal form

INPUT: A natural number k chosen with respect to 6.

OuTPUT: A random canonical normal form v of length s(v) = k.

COMPUTATIONS:
1) Choose A or B with equal probability % and do the following:

a) if the choice in 1) is A then choose randomly an element c in C with respect to the
probability p1a,c;

b) if the choice in 1) is B then choose randomly an element c in C with respect to the
probability up,c;

If k =0 then output v = c.
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Random Generator of normal forms

Random Generator of a canonical normal form

2) Ifk>1

a) if the choice in 1) is A then choose randomly an element g1 € A\ C with the
probability pa(Cgi);
represent it as gy = cs;, where c € C, s € S
repeat this choosing alternatively g € A~ C and gi+1 € B ~ C with probabilities
1a(Cgi), ne(Cgi+1) and represent gi = ¢;si, gi+1 = Ci+1ti+1 until k elements are
constructed.
Output v = cs1trs3ty ... pk.

b) if the choice in 1) is B then choose randomly an element g1 € B\ C with the
probability pug(Cg1)
represent it as g1 = ct;, wherec € C, t; € T
repeat as in 2a).

Output v = ctysptzsy . . . pk.
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Measuring of normal forms

Measures

> Measures of subsets in free groups.

> Measures of free products of sets:
> EF=AxB;
> RF =(A\C)=(B\C);
> CNF = C?(S* T).
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Measuring in free groups

Measures

Consider a certain set F, and let P(F) be the set of all subsets of F and A C P(F).
A real non-negative additive function p : A — RY is called a pseudo-measure on F if
A is closed under complements.

If A is a subalgebra of P(F) then p is a measure.

Let F = F(X) be a free group. Let i be an atomic pseudo-measure on F. Recall, that
a measure p on the countable set P is called atomic, if every subset Q C P is

measurable; or equivalently if u(Q) = > u(q).
qeQ

Liza Frenkel, Moscow State University Amalgamated products of groups: generation of normal forms



Measuring in free groups

Measures on elements

Consider a no-return random walk Ws (s € (0, 1]) on the Cayley graph C(F, X),
where |X| = m.

We start at the root vertex 1 and either do nothing with probability s and return value
1 or move to one of the 2m adjacent vertices with equal probabilities (1 — s)/2m.

If we are at a vertex v # 1, we either stop at v with probability s and return the value
v,

1— . . .
57 to one of the 2m — 1 adjacent vertices lying away
+1

from 1, thus producing a new freely reduced word vx;~".

OR move, with probability
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Measuring in free groups

Measures on elements

The probability ps(w) for our process to terminate at a word w is given by the formula

s(1—s)lwl

am-@m_nwt WAl

ps(w) =

and
ns(1) =s.
By u(R) we denote the function
w(R):(0,1) — R
s = us(R) =D ps(w)

weR

and we call it a measure of R with respect to the family of distributions us.
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Measuring in free groups

Measuring of canonical normal forms

Suppose A, B and C are finitely generated free groups.

The probability to obtain the canonical normal form v = cpipz ... px, kK > 0 on the
output of our generator is equal to

1
pi(v) = Spc(m(pra(p2) - - ppi);
where p;(p;) = p1r(p,)(Cpi) and pc(c) = pa,c if C is viewed as a subgroup of A, and
pc(c) = pp,c otherwise.

Clearly, px is an atomic probability measure on the set N'F of all normal forms of
length k.

Now, one can introduce a probability measure y on the set N'F of all normal forms
setting

1(v) = 0(k)px(v)
if v € NFy, where 0(k) is a fixed probability distribution on N.
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Measuring in free groups

L—measure in free groups

For subsets R, L of F define their size ratio at length k by

fi(R) _ IRN Sy
(L) LN Sy

fk(Rv L) =

The relative asymptotic density of R relative to L is defined by

k— 00

R is called negligible relative to L if p(R, L) = 0.

A set R is termed exponentially L-negligible if there exists a positive constant g < 1
(R, L) < g* for all sufficiently large k.

A set R is termed exponentially L-generic if 1 — ¥ < fi(R, L) < 1 for all sufficiently
large k.
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Measuring in free groups

AL—measure in free groups

For subsets R, L of F there is another natural measure defined by random walks on an
automaton for R coherent with L.

A(R) =D Au(w) =D KI(R,L),
=0

weR k

where
fFRL) = > A(w),

weRNS,

and A (w), f/(R, L) defined by a random walk on an automaton for L.
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Measuring in free groups

AL—measure in free groups

We say that R is A\ -measurable, if A (R) is finite.
A set R is termed exponentially \;-measurable, if f/(R, L) < g* for all sufficiently

large k.

For every w € F the set Ci(w) = LN C(w) is called an L-cone.

A cone C;(w) is called L-small, if it is exponentially X\;-measurable.

Theorem (Frenkel, Miasnikov, Remeslennikov, 2009). Let R be a regular subset of a
prefix-closed regular set L in a free group F. Then either the prefix closure R of R in L
contains a non-small L—cone or R is exponentially A\;-measurable.
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Free product of subsets

Free product of subsets

Let F = A x B be a free product of finitely generated groups A and B, R be a
nonempty subset of A, and S be a nonempty subset of B. Then the free product R + S
is the set of all elements in F having the form

f=hf..  f
where k =1,2,...; e RUS, i={1,...k}, i #1if i > 2 and for all

i € {1, k — 1} elements f; and f;;1 belong to different factors of F.
The number k = s(f) is called the syllable length of f.
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Free product of subsets

Free product of subsets

Let s and pp be atomic pseudo-measures on A and B correspondingly and

1a(1l) = pg(1). We also fix a probability distribution 6 : N — R*, i.e. > 6(n) = 1.
n=1

We define an atomic (pseudo) measure p on G in the following way.
Let
f="f...f, where (1)

fe AUB, i=1,...,k, fi#1,ifi>2and foralli€1,...,k —1 elements f; and
fi+1 belong to different factors of F.

Set by definition,

1
p(F) = S0r (R) - o, (), 2)
where F; = A if f €A or FF=B,iff;eB; i=1,...,k.
If R C F then
w(R) = p(f).
fer

We will say that R is a u—measurable set, if u(R) < oo.
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Free product of subsets

Free products of subsets

Denote by M, the set of all i—measurable subsets of F :

My ={R C F|u(R) < oo}

Example. Let pa, ug be pseudo-measures on A and B, defined by the cardinality
6
functions on A and B and let 6(n) = -3 be a probability distribution on N. Then

My, = F(A) and My, = F(B), where F(A) and F(B) are the sets of all finite
subsets of A and B. But M,, D F(F) is a strict inclusion (where F(F) is a set of all
finite subsets of F. Indeed, let R C F and Ry = R() Fx. Then R € M,, iff the series

| Rl
2o

converges.
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Bidimensional asymptotic density

Bidimensional asymptotic density

Let T = Ag* By C F = Ax B and suppose Q is a subset of T. For a pair of natural
numbers (n,k) we define a (n, k)-ball:

Tok={f=f... i e T:s(f)=k,|fi| <ni=1,... k}.

Wecall T = . ;Lj) o Th,k the bidimensional decomposition.
=0, n=
/J'(Q n Tn,k)

is called the frequency function of Q relative to
,LL( Tn,k)

A function p*(Q, T) =
T.
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Bidimensional asymptotic density

Bidimensional asymptotic density

By direction function d(n, k) we mean one-to-one correspondence between n and k
which parametrize a path from (1,1) to (oo, o0) such that the arguments n and k
tend to oo while d(n, k) — oo.

Let d(n, k) be some direction function.

Asymptotic behavior of Q relative to T we will characterize by a bidimensional
asymptotic density:

_ T n,k
pu(Q,T) = d(n,'L?Loo P (Q, T).

If this limit exists and does not depend on a choice of a direction function, we denote
it by p5,(Q, T).
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Bidimensional asymptotic density

Bidimensional asymptotic density

We say that Q is pu-generic relative to T , if p,(Q, T) =1,
and p-negligible relative to T, if pf,(Q, T) = 0.

A set Q is said to be exponentially p—negligible relative to T if Q is u-negligible and
there exists a positive constant § < 1 such that ,oﬁ’k(Q7 T) < 6% for all sufficiently
large k.

A set Q is termed exponentially —generic relative to T if Q is p—generic and there
exists a positive constant § < 1 such that 1 — §% < pZ’k(Q, T) < 1 for large enough k.
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Motivation

Stratification of normal forms

Inspired by needs of the classical algorithmic problems of combinatorial group theory,
we must know some properties of the obtained elements. For example, if cyclically
reduced forms of elements are regular, then the Conjugacy Search Problem in the
amalgamated product of groups is decidable:

Theorem (Borovik, Miasnikov, Remeslennikov, 2005). Let G = A¢ * B be a free
product of finitely presented groups A and B amalgamated over a finitely generated
subgroup C. Assume also that there are algorithms for A and B, solving the following
problems:

> Coset Representative Search Problem for the subgroup C.

> Cardinality Search Problem for ®(Sub(C), A) in A and for ®(Sub(C), B) in B.

» Conjugacy Search Problem in A and in B.

» Conjugacy Membership Search Problem for C in A and B.

Then the Conjugacy Search Problem in G is decidable for elements from the set of all
conjugates in G of cyclically reduced regular elements.
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Motivation

Stratification of normal forms

Corollary (Borovik, Miasnikov, Remeslennikov, 2005). Let G = Ac * B be a free
product of free groups A and B with amalgamated finitely generated subgroup C.
Then the Conjugacy Search Problem in G is decidable for elements from the set of all
conjugates in G of cyclically reduced regular elements.

In this way we subdivide the set of inputs of the algorithms into two parts: "good”
and "bad” inputs.

On the "good” part our algorithm works fast (for example, in polynomial time) and on
the "bad” part it works slowly or does not work at all.

The main idea of this stratification of the algorithm’s inputs is to show that the
"good” strata is large enough (i.e. generic) in the set of all inputs and the bad one is
a very small set (or so called negligible set).
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Evaluation of randomly generated normal forms

Stratification of representatives

Let S be a fixed system of right coset representatives of C in A.

> A representative s € S is called singular if it belongs to the generalized normalizer
NE(C) = {f € FIf~1Cf N C # 1} of C. All other representatives from S are
called regular. By Ssing and, respectively, Sreg We denote the subsets of singular
and regular representatives in S.

> A representative s € S is called stable if sc € S for any ¢ € C. By Sst we denote
the set of all stable representatives in S, and the set of all unstable elements by
Snst =S \ sst-
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Evaluation of randomly generated normal forms

Asymptotic estimates

An element g € G in normal form is called regular if at least one of the elements
gior pi; i=1,...,s5(g) is regular.
Otherwise g is called singular.

An element g € G in normal form is called stable if at least one of the elements
gior pi; i=1,...,5(g) is stable.
Otherwise g is called unstable.
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Evaluation of randomly generated normal forms

Asymptotic estimates

Denote N Fyin the set of all singular normal forms; N Funs the set of all unstable
normal forms;
N Fs the set of all stable normal forms;

N F: the set of all regular normal forms.

Let £F be the set of all freely-reduced normal forms of elements in G;

RF be the set of all reduced normal forms in G;
CN F be the set of all canonical normal forms in G;

CRF be the set of all cyclically reduced normal forms in G.
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Evaluation of randomly generated normal forms

Asymptotic estimates: A\ —measure

Theorem A. (F, Miasnikov, Remeslennikov). Let G = At_B be an amalgamated

product, where A, B, C are free groups of finite rank. Then for every set of normal
forms NF = {EF,RF,CNF,CRF}

(i) If C has a finite index in A and in B, then every normal form is singular and
unstable, i.e. N Fgin = NFuns = NF;

(i) If C of infinite index either in A or in B, then N'F, and N/ F are exponentially
u—generic relative to N'F, and N Fgin, and N Funs are exponentially
n—negligible relative to N'F in the following cases:

(ii.1) g is defined by pseudo-measures 14 and pg, which are cardinality functions on A and
B correspondingly; in this case p,, is a bidimensional asymptotic density;

(ii.2) p is defined by atomic probability measures pa,; and pp; on A and B correspondingly;
in this case pC is a bidimensional Cesaro asymptotic density.
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Evaluation of randomly generated normal forms

Asymptotic estimates: A\ —measure

Theorem B. (F, Miasnikov, Remeslennikov). Let G = AéB be an amalgamated

product, where A, B, C are free groups of finite rank. If C of infinite index either in A
or in B, then sets of all unstable N Fyns and all singular N’ Fg;,, normal forms are
exponentially Axr7—measurable, where NF = {EF, RF,CNF,CRF}.

Liza Frenkel, Moscow State University Amalgamated products of groups: generation of normal forms



