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Free times free-abelian f. g. groups

Let nmeN,and X ={x1....xn}, T ={t1,...,tm}.
We consider the group

G=FpxZ"=(X])x(TI|[T,T])
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Free times free-abelian f. g. groups

Let nmeN,and X ={x1....xn}, T ={t1,...,tm}.
We consider the group

G=FpxZ"=(X])x(TI|[T,T])

We have the normal form:

tit -t u(xy, ... xp) = P,
where a = (a1,...,am) € Z™ and u € F,.
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Fp X Z™ generalities
g

Free times free-abelian f. g. groups

Let nmeN,and X ={x1....xn}, T ={t1,...,tm}.
We consider the group

G=FpxZ"=(X])x(TI|[T,T])

We have the normal form:

tit -t u(xy, ... xp) = P,
where a = (a1,...,am) € Z™ and u € F,.

Remarks
° (Fn % Zm) ab ~ Zn—i—m
o Fi X Z™ = Fy x Zm+L

@ f, x Z™ is abelian (and free-abelian) < n =0, 1.
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Subgroups

For any H < G we have
H=Hra x (HNZ™)

where
e Hma = Hr is free of rank n’ € [0, o], and
o HNZ™ = ker(my) is free-abelian of rank m’ € [0, m].
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Subgroups

For any H < G we have

H=Hra x (HNZ™)
where

e Hma = Hr is free of rank n’ € [0, o], and
o HNZ™ = ker(my) is free-abelian of rank m’ € [0, m].

Corollaries
O HSFoxZM = HXF, xZ™
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Subgroups

For any H < G we have
H=Hra x (HNZ™)

where
e Hma = Hr is free of rank n’ € [0, o], and
o HNZ™ = ker(my) is free-abelian of rank m’ € [0, m].

Corollaries
Q@ HSFoxZM = H=Fy xZ™ (0 €[0,00], m" € [0, m]),
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Fp X Z™ generalities
g

Subgroups

For any H < G we have
H=Hra x (HNZ™)

where
e Hma = Hr is free of rank n’ € [0, o], and
o HNZ™ = ker(my) is free-abelian of rank m’ € [0, m].

<

Q@ HSFoxZM = H=Fy xZ™ (0 €[0,00], m" € [0, m]),
Q@ Hfg < Hrf.g

A
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Fp X Z™ generalities
g

Subgroups

For any H < G we have
H=Hra x (HNZ™)

where
e Hma = Hr is free of rank n’ € [0, o], and
o HNZ™ = ker(my) is free-abelian of rank m’ € [0, m].

V.
Corollaries

Q@ HSFoxZM = H=Fy xZ™ (0 €[0,00], m" € [0, m]),
Q@ H f.g. & Hr f.g. (where 7m: t? u — u),
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Fp X Z™ generalities
g

Subgroups

For any H < G we have

H=Hra x (HNZ™)
where

e Hma = Hr is free of rank n’ € [0, o], and
o HNZ™ = ker(my) is free-abelian of rank m’ € [0, m].

Q@ HSFoxZM = H=Fy xZ™ (0 €[0,00], m" € [0, m]),
Q@ H f.g. < Hr f.g. (where m: t? u— u),
Q If n,n" e N\ {1} and m,m" € N, then

/ -
FoxZM=Fy, xZ™ < n=nim=m.
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H=Hrax (HNZ™)

Given H < G, we say that E C G is a basis of H if
E=ExUET

where
@ Ex basis of Hra, and
@ E7 basis (free-abelian) of HNZ™.
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Fp X Z™ generalities
g

H=Hrax (HNZ™)

Given H < G, we say that E C G is a basis of H if

E=ExUET
where

@ Ex basis of Hra, and
o Et basis (free-abelian) of HNZ™.

Proposition

If H is given by a finite family of generators, then we can compute
a basis of H.
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Notation

Notation: Let E be a basis of H < G,

E={tuy,. ..  t2u, t2 . 0w}
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Notation

Notation: Let E be a basis of H < G,

E={tu,. ..  t2u, t2 . 0w},

we write
e Ex = {talul,...,ta"’un/}
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Fp X Z™ generalities
g

Notation

Notation: Let E be a basis of H < G,

E={tu,. ..  t2u, t2 . 0w},

we write

o Ex ={t*uy,...,t% uy } basis of Hra,
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Fp X Z™ generalities
g

Notation

Notation: Let E be a basis of H < G,
E={tu,. .. t2u, t2 . 0w},
we write

o Ex = {t*uy,...,t% uy } basis of Hro,
o Er = {thr .. tbw}
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Fpn X Z™ generalities

Notation

Notation: Let E be a basis of H < G,
E={tu,. .. t2u, t2 . 0w},
we write

o Ex = {t*uy,...,t% uy } basis of Hro,
o Er = {tbl, o ,tbm’ } free-abelian basis of HNZ™,
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Fpn X Z™ generalities

Notation

Notation: Let E be a basis of H < G,

E={tu,. ..  t2u, t2 . 0w}

we write
o Ex = {t*uy,...,t% uy } basis of Hro,
o Er = {tbl7 o ,tbm’ } free-abelian basis of HNZ™,
o L={(by,...,byy) <Z™
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Fp X Z™ generalities
g

Notation

Notation: Let E be a basis of H < G,

E= {talul,...,ta"’un/,tbl,...,tbm’ 1,
we write
o Ex = {t*uy,...,t% uy } basis of Hro,

o Er = {th1 ... tPw } free-abelian basis of HNZ™,
o L=(by,...,by) < Z™ subgroup of rank n?,
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Fpn X Z™ generalities

Notation

Notation: Let E be a basis of H < G,

E={tuy,. ..  t2u, t2 . tdw},

we write
o Ex ={t"u,...,t% u, } basis of Hray,
o Er = {th1 ... tPw } free-abelian basis of HNZ™,
o L =(by,...,by) < Z"™ subgroup of rank m’, and
a1
o A=| | € Myun(Z).

dp/
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Notation

Notation: Let E be a basis of H < G,

E={tuy,. ..  t2u, t2 . 0w}

we write
o Ex ={t"u,...,t% u, } basis of Hray,
o Er = {th1 ... tPw } free-abelian basis of HNZ™,
o L =(by,...,by) < Z"™ subgroup of rank m’, and
a1
o A= | | € Myun(Z).

dp/
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Abelian completion (of a free word in a subgroup)

Definition
Given H < G and w € G = (X)g,

twH={a€Z"|tPwe H}C Z™

is the abelian completion of w in H.
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Fpn X Z™ generalities

Abelian completion (of a free word in a subgroup)

Definition
Given H < G and w € G = (X)g,

twH={a€Z"|tPwe H}C Z™

is the abelian completion of w in H.

o ifw¢ Hr, thency, =0, i
o ifw € Hm, then ¢,y =wA + L,

where w Is the abelianization of the word w which expresses w in
the basis {u1,...,uy} of Hm, i.e. w = w(uy, ..., uy).
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© Intersection problem
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Intersection problem

Howson property for F, x Z™ ?, and for F, 7
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Intersection problem

Howson property for F, x Z™ ?, and for F, 7

Proposition

Fn x Z™ (n>2,m > 1) does not satisfy the Howson property.
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Intersection problem

Howson property for F, x Z™ ?, and for F, 7

Fn x Z™ (n>2,m > 1) does not satisfy the Howson property.

SEE

Let H= (ta,b), K= (t"ta,b) < Fa x Z = {(a,b|) x (t|).
Then, HN K = ({a=*bak | k € Z}) is not finitely generated.
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Howson property for F, x Z™ ?, and for F, 7

Fn x Z™ (n>2,m > 1) does not satisfy the Howson property.

SEE

Let H= (ta,b), K= (t"ta,b) < Fa x Z = {(a,b|) x (t|).
Then, HN K = ({a=*bak | k € Z}) is not finitely generated.

This is a case of f.g. free subgroups whose intersection is not f. g.
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Intersection problem

Howson property for F, x Z™ ?, and for F, 7

Fn x Z™ (n>2,m > 1) does not satisfy the Howson property.

SEE

Let H= (ta,b), K= (t"ta,b) < Fa x Z = {(a,b|) x (t|).
Then, HN K = ({a=*bak | k € Z}) is not finitely generated.

This is a case of f.g. free subgroups whose intersection is not f. g.

So, what about the Howson property for free groups? ...
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Intersection problem

Subgroup intersection

Let Hi, Hy < G, U basis of Hym, i’ basis of Hom
and V basis of Hym N Hor.

Proposition
If w (@), wa(U") are the expressions of w € Hymw N Ham in basis i

and ', and w1 € Z™M,wy € Z™ the abelianzations of wy i w», then
w = wl(U) = wg(l_j,) € Him N Hyrr }

HiNH, =< t2 G
°m 2 { we aE(wlA1+L1)ﬁ(w2A2+L2)
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Intersection problem

Subgroup intersection

Let Hi, Hy < G, U basis of Hym, i’ basis of Hom
and V basis of Hym N Hor.

Proposition

If w (@), wa(U") are the expressions of w € Hymw N Ham in basis i
and ', and w1 € Z™M,wy € Z™ the abelianzations of wy i w», then
w = wl(U) = wg(l_j,) € Him N Hyrr
ac (wlAl aF Ll) N (szz aF L2) }
w = wl([i) = WQ(UI) € Him N Hom
(w1A1 + L1) N (waAg + L) # 0 }

) HlﬁHQZ{taWEG

° (HlﬂHQ)ﬂ':{We Fn
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Intersection problem

Subgroup intersection

Let Hi, Hy < G, U basis of Hym, i’ basis of Hom
and V basis of Hym N Hor.

Proposition
If w (@), wa(U") are the expressions of w € Hymw N Ham in basis i
and ', and w1 € Z™M,wy € Z™ the abelianzations of wy i w», then
w = wl(U) = wg(l_j,) € Him N Hyrr
ac (wlAl aF Ll) N (szz aF L2) }
w = wl([i) = wz(ﬁl) € Him N Hom
(w1A1 + L1) N (waAg + L) # 0 }

) HlﬁHQZ{taWEG

° (HlﬂHQ)ﬂ':{We Fn

(Hl N H2)7T < Him N Hom gf.g. =
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Intersection problem

Subgroup intersection

Let Hi, Hy < G, U basis of Hym, i’ basis of Hom
and V basis of Hym N Hor.

Proposition
If w (@), wa(U") are the expressions of w € Hymw N Ham in basis i
and ', and w1 € Z™M,wy € Z™ the abelianzations of wy i w», then
w = wl(U) = wg(l_j,) € Him N Hyrr
ac (wlAl aF Ll) N (szz aF L2) }
w = wl([i) = wz(ﬁl) € Him N Hom
(w1A1 + L1) N (waAg + L) # 0 }

) HlﬁHQZ{taWEG

° (HlﬂHQ)ﬂ':{We Fn

(Hl N H2)7T < Him N Hpm gf.g. Fn
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Intersection problem

(H1 N H2)7T

All the w(V) € Him N Hom such that,
equivalently:

) (quAl + L1) n (szz = L2) £ 0
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Intersection problem

(H1 N H2)7T

All the w(V) € Him N Hom such that,

equivalently: (H1 F/WAHQ)W
) (wlAl + Ll) n (szz + Lz) £ 1] I-£|1|7T HlTrZrJ Hom /_é‘2|77
0 (wprprAr+Li)N(wp2paAr+Ly) # 0 F, <MOF 2 F
1 n3 n2
W
Pli w ipz
Zl‘ll an
R %
Zm
72\
Ly L
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Intersection problem

(H1 N H2)7T

All the w(V) € Him N Hom such that,
equivalently: (H1 F/WAHQ)W

0 (wi1A1 + L) N (wahy + L) # 0 Hyrzrlw| Ho 7
0 (wp1p1Ar+Li)N(wp2p2Pa+Lo) # 0 Fo,

M; M,
7 7,n3 7,2

RN

Zm
ZR\
Ly Ly
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Intersection problem

(H1 N H2)7T

All the w(V) € Him N Hom such that,
equivalently: (H1 F/WAHQ)W

0 (wi1A1 + L) N (wahy + L) # 0 Hyrzrlw| Ho 7
0 (wp1p1Ar+Li)N(wp2p2Pa+Lo) # 0 Fo,

ips

s

o e

Zm
ZR\
Ly Ly
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Intersection problem

(H1 N H2)7T

All the w(V) € Him N Hom such that,

equivalently: (Hi N Ho)m
VAN
o (wiA; + L) N (wahz + L) # 0 Him zﬂ Hom
0 (wuiprAr+Li)N(wp2p2Ar+La) # 0 [
@ (wpsRi+ L) N (wpsRz + L) # 0 i
P3
zm
(e
Zm
72N
Ly L
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Intersection problem

(H1 N H2)7T

All the w(V) € Him N Hom such that,

equivalently: (Hi N Ho)m
VAN
0 (wi1A1 + L) N (wahy + L) # 0 Hyrzrlw| Ho 7
0 (wp1p1Ar+Li)N(wp2p2Pa+Lo) # 0 Fo,
© (wpsRi+ L) N (wpsRa + Lo) # 0
® wp3(R1 —R2) € Ly + Ly im
. 7
i.e., we have
Proposition iRle
Zm

(Hy N Ho)m = Mp3t,
where M = (L1 + L3)(Ry — Rp) L.
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Intersection problem

(H1 N H2)7T

All the w(V) € Him N Hom such that,

equivalently:
0 (wi1A1 + L) N (wahy + L) # 0 ng/m Hor
0 (wprp1Ar+Li)N(wh2p2A2+L2) # 0 Fr
© (wpsRi+ L) N (wpsRa + Lo) # 0
@ wp3(R1 —R2) € L1 + L Lm
. 73
i.e., we have
Proposition iRle
Li+L<zm

(Hy N Ho)m = Mp3t,
where M = (L1 + L3)(Ry — Rp) L.
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Intersection problem

(H1 N H2)7T

All the w(V) € Him N Hom such that,

equivalently:
0 (wiA1 + L1) N (wahz + Ly) # 0 Hl@/ﬂ Hom
0 (wpip1A1+L1)N(wpapaBAa+Ls) # 0 Frs
@ (wpsRi+ L) N (wpsRz + L) # 0
® wp3(Ry —Ra) € Ly + Ly i”
. M < 7™
i.e., we have
Proposition I iRle
Li+L<azm

(Hy N Ho)m = Mp3t,
where M = (L1 + L3)(Ry — Rp) L.

Jordi Delgado Intersection problem for free times free-abelian groups



Intersection problem

(H1 N H2)7T

All the w(V) € Him N Hom such that,

equivalently:
o (wiA1 + L) N (waha + Ly) £ 0 Hl@/ﬂ Hom
o (wpiprAr+L1)N(wpop2Po+Ly) # 0 Mp3t < Fo,
@ (wpsRy + L1) N (wpsRz + L2) #0
® wp3(Ry —Ra) € Ly + Ly 1 i”
. M < 7
i.e., we have
Proposition I iRle
Li+L<azm

(Hy N Ho)m = Mp3t,
where M = (L1 + L3)(Ry — Rp) L.
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Intersection problem

(H1 N H2)7T

All the w(V) € Him N Hom such that,

equivalently:
o (wiA; + L1) N (wals + L) £ 0 (N Hp)m Him N Hom
R\ 7
o (wpiprAr+L1)N(wpop2Po+Ly) # 0 Mp3t < Fo,
@ (wpsRi+ L) N (wpsRz + L) # 0
® wp3(Ry —Ra) € Ly + Ly 1 i”
. M < 7
i.e., we have
Proposition I iRle
Li+L<azm

(Hy N Ho)m = Mp3t,
where M = (L1 + L3)(Ry — Rp) L.
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Intersection problem

Finite type of the intersection of two f.g. subgroups

Proposition

Let Hy, Ho <f 4. G,
o If(Hl N H2)7T #1, then

HiNnHy f.g. < rank(M) = ns,
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Intersection problem

Finite type of the intersection of two f.g. subgroups

Let Hy, Hy <f 4. G,
o If(Hl N H2)7T #1, then

HinNHy f.g. < rank(M) = ns,

o (HlﬂHg)ﬂ’Zl < n3=0,1and M =0.
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Intersection problem

Finite type of the intersection of two f.g. subgroups

Let Hy, Hy <f 4. G,
o If(Hl N H2)7T #1, then

HinNHy f.g. < rank(M) = ns,

o (HiNH)Tr=1 < n3=0,1and M =0.

HnNnH, f.g. & (Hl N H2)7T f.g.
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Intersection problem

Finite type of the intersection of two f.g. subgroups

Let Hy, Hy <f 4. G,
o If(Hl N H2)7T #1, then

HinNHy f.g. < rank(M) = ns,

o (HiNH)Tr=1 < n3=0,1and M =0.

HnNnH, f.g. & (Hl N H2)7T f.g.
& Mp3_1 f.g.
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Intersection problem

Finite type of the intersection of two f.g. subgroups

Let Hy, Hy <f 4. G,
o If(Hl N H2)7T #1, then

HinNHy f.g. < rank(M) = ns,

o (HiNH)Tr=1 < n3=0,1and M =0.

HnNnH, f.g. & (Hl N H2)7T f.g.
& Mp3_1 f.g.
< MPng <f.i. Fn3
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Intersection problem

Finite type of the intersection of two f.g. subgroups

Let Hy, Hy <f 4. G,
o If(Hl N H2)7T #1, then

HinNHy f.g. < rank(M) = ns,

o (HiNH)Tr=1 < n3=0,1and M =0.

HiNnH, f.g. (Hl N H2)7T f.g.
Mp3_1 f.g.
MPng <f.i. Fn3
M <s; 2™

to e
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Intersection problem

Finite type of the intersection of two f.g. subgroups

Let Hy, Hy <f 4. G,
o If(Hl N H2)7T #1, then

HinNHy f.g. < rank(M) = ns,

o (HiNH)Tr=1 < n3=0,1and M =0.

HiNnH, f.g. (Hl N H2)7T f.g.

Mp3_1 f.g.

Mpgl <f.i. Fns

M <¢; 2™ < rank(M) = ns.

to e
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Intersection problem

Finite type of the intersection of two f.g. subgroups

Let Hy, Hy <f 4. G,
o If(Hl N H2)7T #1, then

HinNHy f.g. < rank(M) = ns,

o (HiNH)Tr=1 < n3=0,1and M =0.

HiNnH, f.g. (Hl N H2)7T f.g.

Mp3_1 f.g.

Mpgl <f.i. Fns

M <¢; 2™ < rank(M) = n3. O

to e
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Intersection problem

Finite type decision

If Hi, H> < G are given by finite families of generators, then
© we can algorithmically decide whether H; N Ho is f.g., and

@ in afirmative case, we can compute a basis of H; N H-.
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Finite type decision

If Hi, H> < G are given by finite families of generators, then
© we can algorithmically decide whether Hi N H, isf. g.,
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Intersection problem

Finite type decision

If Hi, H> < G are given by finite families of generators, then
© we can algorithmically decide whether Hi N H, isf. g.,

©® Compute a basis of Hy and H, (and therefore, of Hym and
H27T),
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Intersection problem

Finite type decision

If Hi, H> < G are given by finite families of generators, then
© we can algorithmically decide whether Hi N H, isf. g.,

©® Compute a basis of Hy and H, (and therefore, of Hym and
H27T),
@ construct a basis of Hymw N Hym (Stallings) with cardinal ns,
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Intersection problem

Finite type decision

If Hi, H> < G are given by finite families of generators, then
© we can algorithmically decide whether Hy N H, isf.g.,
©® Compute a basis of Hy and H, (and therefore, of Hym and
H27T),
@ construct a basis of Hymw N Hym (Stallings) with cardinal ns,
© compute ui, p2, Mi, My, R; = M;A; and Ry, = M)A,

Jordi Delgado Intersection problem for free times free-abelian groups



Intersection problem

Finite type decision

If Hi, H> < G are given by finite families of generators, then
© we can algorithmically decide whether Hy N H, isf.g.,
©® Compute a basis of Hy and H, (and therefore, of Hym and
H27T),
@ construct a basis of Hymw N Hym (Stallings) with cardinal ns,
© compute ui, p2, Mi, My, R; = M;A; and Ry, = M)A,
@ compute a basis of M = (L1 + Lp)(R; — Rz) 7%,
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Intersection problem

Finite type decision

If Hi, H> < G are given by finite families of generators, then
© we can algorithmically decide whether Hi N H, isf. g.,

o

09000

Compute a basis of H; and H, (and therefore, of Hym and
H27T),

construct a basis of Hym N Hym (Stallings) with cardinal ns,
compute [y, U2, Mi, My, R; = M;A; and Ry, = M)A,
compute a basis of M = (L; + Lo)(Ry — Rp) 71,

test whether (Hy N Ha)m =1 (last prop.),
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Intersection problem

Finite type decision

If Hi, H> < G are given by finite families of generators, then

© we can algorithmically decide whether Hy N H, isf.g.,

©® Compute a basis of Hy and H, (and therefore, of Hym and

H27T),
construct a basis of Hym N Hym (Stallings) with cardinal ns,
compute [y, U2, Mi, My, R; = M;A; and Ry, = M)A,
compute a basis of M = (L; + Lo)(Ry — Rp) 71,
test whether (Hy N Ha)m =1 (last prop.),
test whether rank(M) = n3 (M <¢; Z"*) (last prop.).

0000
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Intersection problem

Computing a basis

Theorem (cont.)

@ in afirmative case, we can compute a basis of H; N H,.
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Intersection problem

Computing a basis

Theorem (cont.)

@ in afirmative case, we can compute a basis of H; N H,.
® Compute a basis {b1,...,by } of L1 N Ly,
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Intersection problem

Computing a basis

Theorem (cont.)

@ in afirmative case, we can compute a basis of H; N H,.
® Compute a basis {b1,...,by } of L1 N Ly,
@ if (HiNHy)m =1, {t% ... tPw} is a basis of H; N H,
(if not, continue).
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Intersection problem

Computing a basis

Theorem (cont.)

@ in afirmative case, we can compute a basis of H; N H,.
® Compute a basis {b1,...,by } of L1 N Ly,
@ if (HiNHy)m =1, {t% ... tPw} is a basis of H; N H,
(if not, continue).
© compute as.c.r. S of M in Z™,
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Intersection problem

Computing a basis

Theorem (cont.)

@ in afirmative case, we can compute a basis of H; N H,.
® Compute a basis {b1,...,by } of L1 N Ly,
@ if (HiNHy)m =1, {t% ... tPw} is a basis of H; N H,
(if not, continue).
© compute as.c.r. S of M in Z™,
© compute Sp; !, as.cr. (right) of Mpz ' in Fp,,
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Intersection problem

Computing a basis

Theorem (cont.)

@ in afirmative case, we can compute a basis of H; N H,.
® Compute a basis {b1,...,by } of L1 N Ly,
@ if (HiNHy)m =1, {t% ... tPw} is a basis of H; N H,
(if not, continue).
© compute as.c.r. S of M in Z™,
© compute Sp; !, as.cr. (right) of Mpz ' in Fp,,
© consider an empty graph with vertices the cosets in 5p3_1,
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Intersection problem

Computing a basis

Theorem (cont.)

@ in afirmative case, we can compute a basis of H; N H,.
Compute a basis {b1,...,by } of L1 N Ly,

if (Hy N Hy)m =1, {t®, ... t°} is a basis of H; N Ha
(if not, continue).

compute a s.c.r. S of M in Z",

compute Sp3!, a s.cr. (right) of Mpz ' in Fp,,

consider an empty graph with vertices the cosets in 5p3_1,
Vvy generator of Hyw N Hom, and Vz; vertex of the graph,
search (Mp3') zvi and add an edge with label vy from
(Mp31) z to (Mp3!) zvi (we obtain the Schreier graph for
Mp3tf.i. Fyy),

o
(2]

©000
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Intersection problem

Computing a basis

Theorem (cont.)

@ in afirmative case, we can compute a basis of H; N H,.
Compute a basis {b1,...,by } of L1 N Ly,

if (Hy N Hy)m =1, {t®, ... t°} is a basis of H; N Ha
(if not, continue).

compute a s.c.r. S of M in Z",

compute Sp3!, a s.cr. (right) of Mpz ' in Fp,,

consider an empty graph with vertices the cosets in 5p3_1,
Vvy generator of Hyw N Hom, and Vz; vertex of the graph,
search (Mp3') zvi and add an edge with label vy from
(Mp31) z to (Mp3!) zvi (we obtain the Schreier graph for
Mp3tf.i. Fyy),

@ compute a basis of Mp3_1 from a maximal tree,

o
(2]

©000
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Intersection problem

Computing a basis

Theorem (cont.)

@ in afirmative case, we can compute a basis of H; N H,.
Compute a basis {b1,...,by } of L1 N Ly,

if (Hy N Hy)m =1, {t®, ... t°} is a basis of H; N Ha

(if not, continue).

compute a s.c.r. S of M in Z",

compute Sp3!, a s.cr. (right) of Mpz ' in Fp,,

consider an empty graph with vertices the cosets in 5p3_1,
Vvy generator of Hyw N Hom, and Vz; vertex of the graph,
search (Mp3') zvi and add an edge with label vy from
(Mp31) z to (Mp3!) zvi (we obtain the Schreier graph for

o
(2]

©000

Mp3tf.i. Fyy),
@ compute a basis of Mp3_1 from a maximal tree,
© compute a basis {t?vy,...,t% v, } of (Hy N Ha)ma.
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Intersection problem

Computing a basis

Theorem (cont.)

@ in afirmative case, we can compute a basis of H; N H,.

® Compute a basis {b1,...,by } of L1 N Ly,

@ if (HiNHy)m =1, {t% ... tPw} is a basis of H; N H,
(if not, continue).
compute a s.c.r. S of M in Z",
compute Sp3!, a s.cr. (right) of Mpz ' in Fp,,
consider an empty graph with vertices the cosets in 5p3_1,
Vvy generator of Hyw N Hom, and Vz; vertex of the graph,
search (Mp3') zvi and add an edge with label vy from
(Mp31) z to (Mp3!) zvi (we obtain the Schreier graph for

©000

Mp3tf.i. Fyy),
@ compute a basis of Mp3_1 from a maximal tree,
© compute a basis {t?vy,...,t% v, } of (Hy N Ha)ma.
0 {t*vy, ...t v, tP .. tPw ] is a basis of H; N Ho. O
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Intersection problem

Intersection example
Decision of the finite type

Example in G = F, x Z = {(a,b|) x (t|)

Hy = (ta®, bab~1, t?)
Hy = (t?a3, ba, t?)
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Intersection problem

Intersection example
Decision of the finite type

Example in G = F, x Z = {(a,b|) x (t|)

Hy = (ta?, bab™!,t%) [Him = (2%, bab™!), L1 =2Z , Ay = (})]
Hy = (t?a%, ba, t?)  |[Hom = (a°,ba) , Lo =2Z , Ay =(3)]
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Intersection problem

Intersection example
Decision of the finite type

Example in G = F, x Z = {(a,b|) x (t|)

Hy = (ta?, bab™!,t%) [Him = (2%, bab™!), L1 =2Z , Ay = (})]
Hy = (t?a%, ba, t?)  |[Hom = (a°,ba) , Lo =2Z , Ay =(3)]
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Intersection problem

Intersection example
Decision of the finite type

Example in G = F, x Z = {(a,b|) x (t|)

Hy = (ta?, bab™1,t%) [Him = (2%, bab™'), L1 =2Z , Ay = (})
Hy = (t?a%, ba, t?)  |[Hom = (a°,ba) , Lo =2Z , Ay =(3)]

From the pull-back, Him
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Intersection problem

Intersection example
Decision of the finite type

Example in G = F, x Z = {(a,b|) x (t|)

Hy = (ta?, bab™1,t%) [Him = (2%, bab™'), L1 =2Z , Ay = (})
Hy = (t?a%, ba, t?)  |[Hom = (a°,ba) , Lo =2Z , Ay =(3)]

From the pull-back, we obtain Him
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Intersection problem

Intersection example
Decision of the finite type

Example in G = F, x Z = {(a,b|) x (t|)

Hy = (ta?, bab™!,t%) [Him = (2%, bab™!), L1 =2Z , Ay = (})]
Hy = (t?a%, ba, t?)  |[Hom = (a°,ba) , Lo =2Z , Ay =(3)]
From the pull-back, we obtain Him
o {a% ba*b~1} basis of 0:@\_/703
Him N Homr,
© »
<¢> § \¢

[

|

[

Hym
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Intersection problem

Intersection example
Decision of the finite type

Example in G = F, x Z = {(a,b|) x (t|)

Hy = (ta?, bab™!,t%) [Him = (2%, bab™!), L1 =2Z , Ay = (})]
Hy = (t?a%, ba, t?)  |[Hom = (a°,ba) , Lo =2Z , Ay =(3)]
From the pull-back, we obtain Him
o {a% ba*b~1} basis of 0:@\_/703
Him N Homr,

©
O

[

|

[

Hym
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Intersection problem

Intersection example

Decision of the finite type

Example in G = F, x Z = {(a,b|) x (t|)

Hy = (ta?, bab™!,t%) [Him = (2%, bab™!), L1 =2Z , Ay = (})]
Hy = (t?a%, ba, t?)  |[Hom = (a°,ba) , Lo =2Z , Ay =(3)]
From the pull-back, we obtain Him
o {a% ba*b~1} basis of o : ©O___° 3
Him N Homr,

e I I
o M1 = (39).Mz = (33), <> § \

|

[

Hym
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Intersection problem

Intersection example

Decision of the finite type

Example in G = F, x Z = {(a,b|) x (t|)

Hy = (ta?, bab™!,t%) [Him = (2%, bab™!), L1 =2Z , Ay = (})]
Hy = (t?a3, ba, t?) [H27r = (a3, ba) , Lo =27, Ar= (%)]
From the pull-back, we obtain Him
o {a° ba®b~1} basis of o o _e )
Him N Homr,

e y R
o M1 = (39),M2 = (33). <> § \
e Ri=(3),Ra=(%), and b

[

Hym
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Intersection problem

Intersection example

Decision of the finite type

Example in G = F, x Z = {(a,b|) x (t|)

Hy = (ta?, bab™!,t%) [Him = (2%, bab™!), L1 =2Z , Ay = (})]

Hy = (t?a3, ba, t?) [H27r = (a3, ba) , Lo =27, Ar= (%)]

From the pull-back, we obtain Him

o {a% ba*b~1} basis of o : ©O___° 3
Him N Homr,

@ n3 =2, Cf w\

o My = (33).M2 = (33), <> §\

o Ri=(3).Ra=(%), and /

o M= ((2,0),(0,1)) < Z2. 'ﬂ
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Intersection problem

Intersection example

Decision of the finite type

Example in G = F, x Z = {(a,b|) x (t|)

Hy = (ta?, bab™!,t%) [Him = (2%, bab™!), L1 =2Z , Ay = (})]

Hy = (t?a3, ba, t?) [H27r = (a3, ba) , Lo =27, Ar= (%)]

From the pull-back, we obtain Him

o {a% ba*b~1} basis of o : ©O___° 3
Him N Homr,

@ n3 =2, Cf w\

o My = (33).M2 = (33), <> §\

o Ri=(3).Ra=(%), and /

o M= ((2,0),(0,1)) <t Z° 'ﬂ
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Intersection problem

Intersection example

Decision of the finite type

Example in G = F, x Z = {(a,b|) x (t|)

Hy = (ta?, bab™!,t%) [Him = (2%, bab™!), L1 =2Z , Ay = (})]
Hy = (t?a3, ba, t?) [H27r = (a3, ba) , Lo =27, Ar= (%)]
From the pull-back, we obtain Then,
o {a% ba*b~1} basis of e #0,1iM#0
Hm 0 Ho, e rank(M) =2 = n3.
e n3 =2,
° M1 =(39),M2=(139),
e Ri=(3),R2=(3), and
o M= <(270)7 (07 1)> < 7?2
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Intersection problem

Intersection example

Decision of the finite type

Example in G = F, x Z = {(a,b|) x (t|)

Hy = (ta?, bab™!,t%) [Him = (2%, bab™!), L1 =2Z , Ay = (})]
Hy = (t?a%, ba, t?)  |[Hom = (a°,ba) , Lo =2Z , Ay =(3)]
From the pull-back, we obtain Then,
o {a% ba*b~1} basis of e n3#0,1iM+#0

Hm 0 Ho, e rank(M) =2 = n3.
® =2 Therefore,
° M1 =(3%).M2=(39), o (HyN Hp)r # 1, and
e Ri=(3),R2=(3), and
o M=((2,0),(0,1)) <. Z?
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Intersection problem

Intersection example

Decision of the finite type

Example in G = F, x Z = {(a,b|) x (t|)

Hy = (ta?, bab™!,t%) [Him = (2%, bab™!), L1 =2Z , Ay = (})]
Hy = (t?a%, ba, t?)  |[Hom = (a°,ba) , Lo =2Z , Ay =(3)]
From the pull-back, we obtain Then,
o {a% ba*b~1} basis of e n3#0,1iM+#0

Hym N Ho, e rank(M) =2 = n3.
° 3 =2, Therefore,
o M;=(39),Ma2=(39), o (Hy N Ho)m # 1, and
° Ri=(3),R2=(3), and e HHNHisf.g.
o M=((2,0),(0,1)) <¢; Z>
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Intersection problem

Intersection example

Computation of a basis

Example (cont.)
e {2} is a basis of L1 N Ly =27,
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Intersection problem

Intersection example

Computation of a basis

Example (cont.)
e {2} is a basis of L1 N Ly = 27Z,
e {(0,0),(1,0)} is a s.c.r. of Z? modulus M,
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Intersection problem

Intersection example

Computation of a basis

Example (cont.)
e {2} is a basis of L1 N Ly, =27,
e {(0,0),(1,0)} is a s.c.r. of Z? modulus M,
o {1,v1} is as.cr. (right) of F modulus Mp3*,
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Intersection problem

Intersection example

Computation of a basis

Example (cont.)

{2} is a basis of L1 N Ly = 27Z,

{(0,0),(1,0)} is a s.c.r. of Z? modulus M,
{1,w1} is a s.cr. (right) of F» modulus Mp3*,

construct the Schreier graph for /\/Ip_,j1
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Intersection problem

Intersection example

Computation of a basis

Example (cont.)

{2} is a basis of L1 N L, =27,

{(0,0),(1,0)} is a s.c.r. of Z? modulus M,
{1,w1} is a s.cr. (right) of F» modulus Mp3*,

°
°
°
@ construct the Schreier graph for /\/Ip_,j1

1 Vi
® )
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Intersection problem

Intersection example

Computation of a basis

Example (cont.)

{2} is a basis of L1 N L, =27,

{(0,0),(1,0)} is a s.c.r. of Z? modulus M,
{1,w1} is a s.cr. (right) of F» modulus Mp3*,

°
°
°
@ construct the Schreier graph for /\/Ip_,j1

é ‘:1 viEMp; tv1(0,0)eM

I
Vi
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Intersection problem

Intersection example

Computation of a basis

Example (cont.)

{2} is a basis of L1 N Ly = 27Z,

{(0,0),(1,0)} is a s.c.r. of Z? modulus M,
{1,w1} is a s.cr. (right) of F» modulus Mp3*,

°
°
°
@ construct the Schreier graph for /\/Ip_,j1

v Cé ‘:1 ViEMp; 'vie(0,0)EM  vaeMp; 1e(0,1)EM
\V_lﬂ
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Intersection problem

Intersection example

Computation of a basis

Example (cont.)

e {2} is a basis of L1 N Ly = 27Z,
e {(0,0),(1,0)} is a s.c.r. of Z? modulus M,
o {1,n}isas.cr. (right) of F> modulus Mp3?,
@ construct the Schreier graph for /\/Ip_,j1
“ ~ EMpT  &(0,0)EM  vaeMp3les(0,1)eM
2 CQ vlvlel\/lp;1<:>(2,0)€l\/l
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Intersection problem

Intersection example

Computation of a basis

Example (cont.)
e {2} is a basis of L1 N Ly = 27Z,
e {(0,0),(1,0)} is a s.c.r. of Z? modulus M,
o {1,n}isas.cr. (right) of F> modulus Mp3?,

@ construct the Schreier graph for /\/Ip_,j1

vi

" C@ Vl:~> viEMp3tvio(0,0)eM  vaeMpyte(0,1)eM
vlvlel\/lp;1<:>(2,0)€l\/l vlvzvfleMpglﬁ(O,l)EM,
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Intersection problem

Intersection example

Computation of a basis

Example (cont.)
e {2} is a basis of L1 N Ly = 27Z,
e {(0,0),(1,0)} is a s.c.r. of Z? modulus M,
o {1,n}isas.cr. (right) of F> modulus Mp3?,

@ construct the Schreier graph for /\/Ip_,j1

vi

" C@ Vl:~> viEMp3tvio(0,0)eM  vaeMpyte(0,1)eM
vlvlel\/lp;1<:>(2,0)€l\/l vlvzvfleMpglﬁ(O,l)EM,

° we obtaln {va, V2, v1v2v1_1} basis of Mpg1 < P,
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Intersection problem

Intersection example

Computation of a basis

Example (cont.)

{2} is a basis of L1 N L, =27,

{(0,0),(1,0)} is a s.c.r. of Z? modulus M,
{1,w1} is a s.cr. (right) of F» modulus Mp3*,

°
°
°
@ construct the Schreier graph for /\/Ip_,j1

vi

" C@ Vl:~> viEMp3tvio(0,0)eM  vaeMpyte(0,1)eM
vi vlel\/lp;1<:>(2,0)€l\/l viVva vfleMpglﬁ(O,l)EM,
@ we obtaln {va, V2, v1v2v1_1} basis of Mpg1 Fs,

o {badb~1 a2 a%ba3b~1a=0} basis of (H; N Ha)m < HimN Ha,
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Intersection problem

Intersection example

Computation of a basis

Example (cont.)

{2} is a basis of L1 N L, =27,

{(0,0),(1,0)} is a s.c.r. of Z? modulus M,
{1,w1} is a s.cr. (right) of F» modulus Mp3*,

°
°
°
@ construct the Schreier graph for /\/Ip_,j1

V-
v C@ ! Vl:~> EMp; v e(0,0)EM  vaEMp; Le(0,1)EM
vlvlel\/lp;1<:>(2,0)€l\/l vlvzvfleMpglﬁ(O,l)EM,
@ we obtaln {va, V2, v1v2v1_1} basis of Mpg1 Fs,
o {balh1 a2 a%palbh~1a=0} basis of (H; N Ho)m < Him N Ho,
9 M

o {ba*b~1,t%a'2 aBba*b1a=0} basis of (HiNH:)Ta < HiNH,,
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Intersection problem

Intersection example

Computation of a basis

Example (cont.)

{2} is a basis of L1 N L, =27,

{(0,0),(1,0)} is a s.c.r. of Z? modulus M,
{1,w1} is a s.cr. (right) of F» modulus Mp3*,

°
°
°
@ construct the Schreier graph for /\/Ipsf1

nv . 1

O e e e e oy,
@ we obtaln {va, vl,vlvzvl_l} basis of Mpg1 Fs,

o {badb~1 a2 a%ba3b~1a=0} basis of (H; N Ha)m < HimN Ha,
o {ba*b~1,t%a'2 aBba*b1a=0} basis of (HiNH:)Ta < HiNH,,
o {badb~1, %22 a%ha3h~1a=0 t} basis of H; N Hy < G.
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Intersection problem

Thanks!

Of course, in the first example, Howson property for F,, says to us
that the fact that the intersection of the two free subgroups H and

K is not f.g. means that there are not a common free ambient for
both.

Jordi Delgado Intersection problem for free times free-abelian groups



	Fn Zm generalities
	Intersection problem

